DSA - Feb. 8, 2021
Topics: LTI systems, convolution, overlap-add method, z-transforms, ROC, inverse
z-transforms, stability vs. causality, transfer functions, block diagrams, steady-state

sinusoidal response, transients, pole-zero placement designs.

impulse response I/O convolutional block
h(n,) equatmn processing

.
I/O difference transfer functlon pole/zero
equation(s) H(z) pattern
S
filter design method
™
gl;lgt-;;n frequency response block—dlagram sample
specifications H(w) realization processing




Continuous-Time LTI Systems

LTI system

X0 (D), H(s)

Input

LTI systems are convolvers

y(t)

_ /m h(r)e(t —7)dr = fm v()h(t = 7)dr

o0 — o0

T T

direct form LTI form




Discrete-Time LTI Systems

X[N] —— LTl system | vIn]

. h[n], H(2)

Input output
sequence sequence

LTI systems are convolvers

20

y(n) = Z h(m)x(n —m) = Z x(m) h(n —m)

m=—0oo mM=—00

T T

direct form LTI form




Discrete-Time LTI Systems

12SP — Ch.3

O&S - Ch.2
(o) —— R [y
input ’ output
z) = Z h(n)z"" = transfer function, z-transform
H(w) = H(2)|__ . Z h(n)e " = frequency response, DTFT

n=—oo

" L dw
h(n) = / H(w)el" ™ _ inverse DTET

2T

Lz _
(n) f H(z)z" = contour integral

27]~



Discrete-Time LTI Systems

H(w) = Hr(w) + jH(w) = frequency response
H(w) = |H(w)|e!™) = polar form
|H (w)| = magnitude-response

#(w) = phase-response

nph(w) = —#(w) = phase-delay
df(w
ng(w) = — ) = group-delay

dw




Discrete-Time LTI Systems

if h(n) = real-valued,

H(—w) = H(w)* = Hermitian property
Hp(—w) = Hr(w) = even in w

Hi(—w) = —Hj(w)=odd in w
|H(—w)| = |H(w)| = even in w

A—w) = —f(w) = odd in w

npp(w) = odd in w

Ng (W) = even in w




Sinusoidal Response

Input complex sinusoid is assumed to be infinitely-long and double-
sided (i.e., we are looking at the steady-state behavior of the system),

i4 (.:jwn — H(:’“‘) — H(iﬂu)xqf':"jwn

Moreover, if the LTT system has real-valued impulse response i(n), then
the following results also hold for real-valued input sinusoids,

Re :(f’lejw’: — H(w) — Re —H(w)flejw':

Im

(Ae"| — H(w) — Im[H (w)Ae’"]

complex sinusoids can be viewed as the eigenfunctions of LTI systems




Filtering in the Frequency Domain

r(n) —y H(w) — y(n)

([u..z

(n) / X(w)een
” H j won ([u.,z
2T

I.e., filtering is spectral reshaping of the input spectrum




Discrete-Time Convolution

LTI system
h(n)

x(n) —— — y(n)

12SP — Ch.4

8@

Z him)xz(n —m) = Z x(m) h(n —m)

m=—0od mM=—0oC




Convolution Computation

Vn = mehn_m = LTI form
m

Yo
Y1
Ve
V3
V4

Ve
) i

m

1]
I+j=n

> hmXn_m = direct form table forms
Z hix; = convolution table form
matrix forms

0O 0 0 0] [ xo O 0 O ]
ho 0 0 0 - X1 Xo O 0
hl ho 0 0 )‘to X2 X1 Xp 0 | hg ]
h» hl ho 0 A:l X3 Xo X1 Xp hl
h3 h- hl ho )‘:2 - Xq4 X3 Xo X hg
0 h3 hg hl )‘:3 0 Xg X3 Xo hg
0 0 h3 hz | X4 | 0 0 X4 X3 ) .
0 0 0 hs 0 0 0 x4

conv, convmtx in MATLAB




Convolution Computation

h, 0 0

Xoh, Xoh, 0 0

xihy  xihy X hy 0
X, h, x,h, X5 h, x,h,
X3hy X3k x3h,
0 Xphy x4,

Y V3 Ya Vs

LTI
table

:

add
vertically



Convolution Computation

X, X, X, Xs X, 0 0 0
hy | hoxog  hoX, hoxy — hyx, hox, 0 0 0
hy | 0 hxo  hxp o hxy o hxg hyxy 0 0
h, 0 0 hyx, hyx, hyx, hyx; hyx, 0
hy | 0 0 0 hixg  hyxp  hyxy  hyxy o gy,

Yo M1 Vs Y3 Y Vs Ve V7

direct-form
table

:

add
vertically



Convolution Computation

convolution
table



Convolution Computation - Example

h =11, -2,0, 3]
= y=hxx=1[4,-5 -4,9,9,2, 3, 6]
x=1[4,3,21,2]

y = conv(h,x) - MATLAB code

4 -8 0 12
3 -6 0 9
2 -4 0 6
1 ) 0 3 LTI table




Convolution Computation - Example

4 3 2 1 2
-8 -6 -4 -2 -4
0 0 0 0 0 )
15 9 6 3 6 direct-form table
4 -5 -4 9 9 2 3 6
convolution table
4 3 2 1 2
1 | 4 3 2 1 2
-2 | -8 -6 -4 -2 -4
0 | 0 0 0 0 0
3 | 12 9 b 3 6
4 -5 -4 9 9 2 3 6




Convolution Computation - Example

matrix forms

4 1 0 0 0
-5 -2 1 0 0
—4 0O -2 1 0
9 30 -2 1
ol | o 3 o0 =2
2 0O 0 3 0
3 O 0 0 3
6] [ o 0 o0 0

LW o N = O O O O

4.0 0 0
- 340 0/
X 2 3 4 0 1
S| 123 4] -2
: 2 1 2 3 0
) 0 2 1 2| 3
- - 0 0 2 1
00 0 2]

h = [11_21 01 3],5
X = [4! 3! 2! 1! 2],;

-
I

convmtxCh, Tength(x));
X = convmtx(x, length(h));

A
i
X I
> X

R R

%
%

%
%

column vector
column vector

convolution matrix
convolution matrix

equivalent to conv(h,x)
also equivalent to conv(h,x)




Numerical Evaluation of CT Convolution

y ()= J h(t)x(t—t)dt = J hit—t)x(t)dt

y(t)= Jh(r— T)x(T)dT = lim [TZh(r rm)x(tm)]

-0 m

y(t)= Jh(t —T)X(T)dT ~ T D> h(t —tm)x(tm)

I

>

3

=nT
=mT

y(t,)= Jh(rﬂ —T)X(T)dT = T D> h(ty, —ty) X (ty)

y =T * conv(h,Xx);




Convolution Computation

%o —mmmmm e m DIY version

function y = myconv(h,x)

M = length(h)-1;
Tength(x);
y = zeros(size(x));

—
]

h = h(:);
X = X(:);

for n=0:L-14M,
m = max(0,n-L+1) :min(n,M);
y(n+l) = h(m+1l).’  * X(n-m+1l);
end

%
%
%
%

%

of CONV ——-commmmmmoo— =

filter order

input Tength

inherit column/row nature of X
but final y length is L+M

make h,x into columns

vector index
dot product



Convolution Computation

h=| M+l
X = L
y = hxzx = L M
o, hyy... hay = filter of order M
L0, L1y, 1] — input of length L
Yo, Y1+ - YL—1+nr] = output of length L + M




Convolution Computation y(n)= z him)x(n-m)
m

O<m=M O<m=M

O<n-m=<L-1 n—-L+1<m=<n

O<n=<L-1+M max(Oon—L+1)<m <min(n,M)

range of n range of m

min(n,M)

y(n)= > h(m)x(n—m)

m=max(0,n—L+1)

n=0,1,...,.L+M-1




Overlap-Add Block Convolution Method (time domain)

<« L > L e | >
X = block X block X4 block X»
Yiemp
| -~ > | |
Vo= L M _iﬁmp
Y = L M Aits{mp
h=|M+1 Y, = L M
filter 3 3 3
n=0 n= n=2L n=3L
Yo = h x Xp
v, = h x x4

Vo = h* X



Overlap-Add Block Convolution Method (time domain)

- L > L > L >
X= block X block X1 block X+

Yiemp
| -~ | |

Vo= L M ,iﬁmp
y, = I M e

h=|M+1 Y, = L M
filter 3 3 3

n=0 n= n=2L n=3L

for each length-L input block X do:

2. for i=0,1,..., M—1:
y(1)=y(i) +ytemp(1'}
ytemp(f):y{i‘FL)

3. for i=0,1,...,L—1:
output y (1)

(overlap)
(save tail)

1. compute length-(L+M) output: v =h *xX




z-transforms

(z-transform)

N=—co

H(z)= Z h(n)z " (transfer function)

basic properties

see, sztable.pdf, for more

Z

aix;(n)+d»x>(n)— a1 X1 (z)+a»X-»(z) (linearity)

X(n) = X(z) =

Z

x(n-D)= z7PXx(2) (delay)

y(n)=h(n)*xx(n)

=

Y(z)=H(z)X(Z) (convolution)




region of convergence (ROC)

z-transforms

Region of Convergence = {Z e C | X(z)= Z x(n)z "+ oo}

A H=—0o0

oo

complex z-plane




finite and infinite geometric series

1+ o+ N7 =

z-transforms

for |z| <1

o tp? .=




basic z-transform pair

z-transforms

1
au(n) = , with [z| > |a|
1 —-az!
n Z 1 -
—a'u(-n-1) = , with |z| < |a|
1 —-—az!
ROC Z-plane z-plane
Z | pole pole

\_| /

causal case

S

&

anticausal case




basic z-transform pair

z-transforms

1 a'u(n), ROC, |z| > |al

1 —az-! —a"u(-n—-1), ROC, |z| < |al
stable | unstable
causal lal <1 |lal >1

anticausal | |a| > 1

lal <1




z-transform pairs

z-transforms

f(n) F(z)
S(n—-D) z=b
1
u(n) 1 —z!
~1
A
nu(n) (1-z1)?
~1 ~1
) z7 (1 +z1
n-u(n) =717
. 1
aru(n) 1l —az-!
az=!
nau(n)

(1 —az1)2




Z-transform properties

z-transforms

7z PF(z)
F(z/a)

dF (z)
dz
F(z)G(z)

—Z

delay

modulation

z-differentiation

convolution



Example 5.2.3: Determine the z-transform and corresponding region of convergence of the
following signals:

(0.8)"u(n)+(1.25)"u(n)
(0.8)"u(n)—(1.25)"u(—n—-1)

—(0.8)"u(-n—-1)—(1.25)"u(-n-1)
u(— 5)"u(n)

1. x(n)
2. x(n)
3. x(n) 2
4. x(n) 2

(
(

—(0.8)" n-—1)+(1.

Solution: Using Eq. (5.2.3) with a = 0.8 and a = 1.25, we note that the first three cases have
exactly the same z-transform, namely,

1 1 _ 2-2,057""

M= T T 1o 12521 T 1-2.052-1 5 22
z-plane Z-plane 1 z-plane
|

\ ! \

| [/
- | L
/O.S 1.25 u\\%lﬁ

N unit circle T




_ Al Aj
X(z)= T p2-1 + ——
X(N)=—-Aplu(-n—1)—A.pu(-n—1)—- - -

causal and anti-causal ROC

x(n)=Apfu(n)+Apiu(n)+

+ -

z-transforms

|z| > max |p;]
|

causal

z| < min [p;]

cau

Z-plane

anti-causal

anticausal ROC

Ps
P |

Pl =

sal ROC




z-transforms

stable ROC

Theorem: A necessary and sufficient condition for the stability of

a signal x(n) is that is the ROC of its z-transform X(z)
contain the unit circle.

A A A A
X(z)= 1 + - + ’ + !
l-piz7t  1-prz7t  1-p3z7t  1-pyz!
stable/causal ROC stable/anticausal ROC stable/mixed ROC

Pse
1P
YA RN
unit . /}\/ p
unit .3

> circle :
circle

unit
circle




marginally-stable ROC

z-transforms

1zl > 1

e/ pole

(causal) xX(n)= /YoMy (n)
(anticausal)  x(n)= —e/®"y(—n —1) 1z| <1
Z-plane 1
| i
p— | l
X(Z) 1 — ejmgz—l '

) 0
unit /"\
circle

J




Frequency Spectrum

z-transforms

o0

X(w) = Z x(n)e™*" = DTFT | | defined only for stable

strictly-speaking, it is

n=—oo signals
00
X(w) = X(2) = Z r(n)z""
z=el¥ n=—oo z=el
| ejm

e

unit E\ /

circle

the frequency spectrum is the
evaluation of the z-transform
on the unit-circle




Frequency Spectrum

| 1
_ pJwon - —
x(n)=e“"y(n) = X(z) T —
X(w)l A ':f
[\

1 1

X(w)= 1 — eJwoe—jw B ] — eJ(wo—w)

z-transforms




Pole-Zero Pattern

pole
peak

z-transforms

/
/i

X(z2)— 1—-zyz7Y  z—-24
l-piz7t z-p
eJ® — 7, leJ® — 7|
X((U): 0 |X(LU)| - jLU
/v — py e/ — p|
A 1X(®)
Zero
f __dip
\ /
0 i
unit P

circle




: : : Inverse z-transforms
partial fraction expansions (PFE)

X(Z) B N(Z) B N(Z)
= = — 1 . —1y. .. — py7]
D(z)  (A=p1z7) (A =p2z70)--- (L =PMyz™")  [om
_ A, n Ao 4 e+ Awm poles
L—pizt " 1-pyz] L—puz!
- N(z)
A = (l—p-zl)X(Z) —p; —
l [ ! ]2 Pi H(I—PJZ_I)
| J#I

—Z=Pi



Inverse z-transforms

partial fraction expansions (PFE)

Example 5.5.2: In Example 5.2.3 the z-transform was written in the form

2 —2.05z71 2 —2.05z71

X(z)= =
(2) 1 —2.05z7 +7z°2 (1—-0.8z71)(1—-1.25z71)

Because the numerator polynomial has degree one in the variable z~!, there is a PF expan-
sion of the form:

B 2 —2.05z71 B Ay N A>b

- (1-0.8z71)(1-1.25z7Y) 1-08z! 1-1.25z7!

X(z)

The two coefficients are obtained by Eq. (5.5.2) as follows:

1

_ 2 —2.05z1 2 —2.05/0.8
Al =[(1-0.82YHX(2)],_08 = [ - ] = - —
1-1.25z71 ] _ o 1-1.25/08

2 —2.05z7!
A, =[(1-1.2527HX(2)],10: = [ - ] =1
g 1-0.8z71 |, _, ..



Inverse z-transforms

partial fraction expansions (PFE)

Example 5.5.7: Determine all possible inverse z-transforms of

_ -1 _9c5,-2_, cc,—3 -
== e B S DY TS
: : \ \_| 5] |
D S SR 3 . 2
1-z!' 1+z!' 1-05z' 1-1.52"1
x;(n) =—[1+ (-1)"+3(0.5)"+2(1.5)"u(-n—-1)

Xz (n)

(0.5)"u(n )—[1 + (—1)”+2(1.5)”]u(—n ~1)

3
[1+ "+3(0.5)"|lu(n)-2(1.5)"u(-n-1)
[1+ (=1)"+3(0.5)" +2(1.5}”]u(n)




Inverse z-transforms
by contour integration

Z equals the sum of the
n @< residues of the poles of
e _ LY LM
‘I’(”’) o X(“") R YR the integrand enclosed
C )=
by the contour C

for stable signals,
C must be the unit-circle




dz
r(n)= ¢ X(z)z2"—
C 2792
" - dw
r(n) = X(w)el™" —w
. 2T
N RN dz  dw

Inverse z-transforms
by contour integration

for stable signals,
C must be the unit-circle




—1l<a<1

Example

1 — a?

X(2) =

r(n) = a"

(1 —az=Y)(1l—az)

Inverse z-transforms
by contour integration

ROC |a| < |z| < |a|™*

—00 < N < OO

A
_ -
/’/, \\\
~
~
N
N
\
AN
S \
P N\\ \
\\ \
\ \‘
\ 1/a
a‘. . .

\/ * showingthecase 0<a<1

7’
4
e
e
-
-
-




Example Inverse z-transforms
by contour integration

) — 1 —a* _ la—aTh)z
X() = T i =) ~ Gma) =)

2(n) = fg X(z) dz _ j{ (a —a~1)z" d:.f'
2] 2 c(z—a)(z—at) 2wy

= sum of residues of enclosed poles

A

A
-
/” \\\
7 ~
7 N
, N
’ N
’ \
/ \
/ -1~ \

/ e SS \
1 7 N \
’ \

1 ’ \ \
' ' \ 1/a

[ ay | .
f f @ *—
X 1
\
\
\
\
\
\
\
\
N
N
~
~
~
~

: 1
\
5 1
\ / J
\ / 4
N ’ 7
S o ’,’ 7
~J- /
’
’

7’
e
e
s
-
-
-




x(n)

x(n)

Example

(a—a=1)2"

dz

fo. = 35

Res{z
Res{z

=a},
— {,{} —+ RE‘S{@ — O} ;

/

Inconvenient because it is a
multiple-pole residue

Inverse z-transforms
by contour integration

-f (]
A
/”, \\\
N

’ - \

7 e =~ \

Vi \
1 /, \\ \
' ' \ 1/a
S ay | o
: ' ® *o—
1 \ { I
\ \ / 1
\ \ /

\ 4 ,I

\ S o - 1

\ ~J-- y

’
~ -
\\\ —’,




Example Inverse z-transforms

by contour integration
() j{ (a—a=t)2" (L
xrin) =
u.c. (“" o (L) —a

') 27
}

— (L_l

Res{: = a} = [

- z—aq 1 JUPEEL Dy

\1/a

~
~
~
~
AN
/
/
’ _
/ /// RS
1 , \\
1 7 \
1 1 \
' ’ ag
| |
T f L *—
1 \ 1 !
1 \ 1 i
\ \ l
\ \ 4 /I
7’
\ .
\ S~
\
\
N
AN
N
~
~
~
\\

/
4
7/
e
7’
7
-~
-
-



Example

(I S R A
1.c. u.c. jll o '

‘extended

Inverse z-transforms
by contour integration




Example Inverse z-transforms
by contour integration

»=Re?, dz=jRedl

_ (a —a™1)z"
— const - lim
o

R—o0 (::‘: — {L)(Zf — (L_l)

— const - lim [R”_l] — ()

R—o0

if n<0

;13("}1.) — —RES{&, — (L_l} — a—n.

because C,, Is now clock-wise




Example
| a, n >0
r(n)=a" =«
a ", n <0
1 —a?

X(z) = —

(a —a 1)z

Inverse z-transforms
by contour integration

—1

(1—az"Y)(1—az) (1—az"1)(1—=a"1z"1)

1 L

l—az=t 1—a"tz71

ROC |a| < |z] < |a7|

|

PFE

r(n) =a"u(n)+a "ul—n —1) = "




Transfer Functions

impulse response I/O convolutional block
h(n) equation processing

I/0O difference transfer function pole/zero
equation(s) H(z) pattern
filter design method

Jad

filter frequency response
design qu ng) P
specifications

block-diagram sample
realization processing




Example

5+42z°1 ;
H(z)= transfer function
(2) 1 —0.8z71
5+ 2z A 7.5
H(z)= = Ag + L - 25+ .
1 —0.82z71 1 —0.82z"1 1 —-0.8z"1
5+ 2z7! 5Z + 2 2

= =——=-25

Z—-08|z=0 —0.8

Ao =H (@) |20 = 755771

Z=0

A =(1-082YH(2)|,_ps=G+2z7")|,_sg=5+2/0.8=7.5

h(n)=-2.56(n)+7.5(0.8)"u(n) impulse response




Example

H(z)=

542z 1

transfer function

1 —0.8z71

(1-0.82"HWH(z)=5+2z"1

h(in)=08h(n-1)+56(n)+26(n—-1)

= H(z)=08z'H(z)+5+2z1

difference equation for h(n)

Yn = hﬂxn + hlxn—l + hgxﬂ_z + h3xﬂ_3 + e

=5xXn + 7.5[(0.8) X1 + (0.8)°Xp_2 + (0.8)°xp_3 + - - -]

convolutional input/output equation




Example

5+ 2z°1 :
= transfer function
H{(z)= 5
542771 O o
Y(z)=H(z)X(z)= 1_082_1)((2) = (1-08z )Y(z)=(5+2Z2 ")X(z)

Y(z)-0.827'Y(2)=5X(2)+2z2"'X (2)

v(n)—-08y(n-1)=5x(n)+2x(n—-1)

yv(n)=08y(n-1)+5x(n)+2x(n—-1)

Input/output difference equation




Example

H(z)= 15—+02.82;1 transfer function
frequency response
Hiz)= 5(11—+ 0?5422—11) 7| Hiw)= 5(11—+ 0[?;34;—;;”)
magnitude response
H ()] = 3311 : 1[? 68{:{;15;) : rz}c.| 6146




Example

5+ 2z°1 :
H(z)= transfer function
() 1 —0.8z71
5+ 1 4+ 0.8cosw +0.16
H(w)| =2
v1—1.6cosw + 0.64
O = Zeros Z-plane
® = poles |
P I® A [Hoo)
oal 35
L0 o

0.8/ 35/21

circle —— n




Example

y(n)=0.8yn-1)+5x(n)+2x(n—-1)

x(n) ¢ DS_’Q} ¢ > V(1)
R ;

1 direct-form realization

#]

vi(n)=x(n-1) [ i j wy(n)=y(n-1)
2 0.8

must initialize v, wy

viin+1)=x(n)

win+1)=y(n)

state updating

for each input sample X do:
Vv = 0.8W; + 5X + 2V,
Vi =X
wp =Y

sample processing algorithm




54 2z71 7.5 Example

H(z) 1 -0.8z"1 25+1—082’_l
>
2.5
, | T, W) s _. L
x(n) > 'm{ > y(n) parallel realization
7.5 lwo

| L
\ w(n-1)| wi(n+1)=wy(n)
|
\
0.8

state updating

must initialize w,

for each input sample X do:
wo = 0.8w; + 7.5X
Yy = Wg — 2.5X
W1 = Wy

sample processing algorithm




51071 Example
Y(z)=H(z)X(z)= = 0.82’—1X(Z)
| 1
Wi(z)= 1_0_82_1X(Z) w(n)=08w(n-1)+x(n)
=

vn)=5w(n)+2w(n —-1)

Y(z)= (5+22 YW (z)

wo(n) =wi(n)
= wi(n+1)=wqy(n)
wi(n) =wmn-1)

wo(n)=0.8w;(n)+x(n)

canonical realization

y(n)=5wq(n)+2wy(n) direct-form 11

wi(n+1)=wgy(n)




Example

x(n) -{TL;‘: w(n) l D;i_’]%—’y(n)
"5 Wo |

-1

i
&

“
\

2

must initialize wy,

III

H“.I W (H— l) Wl ;.f'
o~

for each input sample X do:
wpo = 0.8W; + X
YV = 5Wqo + 2W;
W1 = Wy

canonical realization
direct-form |1

sample processing algorithm




-X( n ) | ."m'

Example

> V(1)

must initialize w,

for each input sample X do:
Yy = W1 + 5X
Wi = 2X + 0.8y

transposed realization

wi(n)=2x(n-1)+0.8y(n—-1)
win+1)=2x(n)+0.8y(n)

state updating

sample processing algorithm




X(}’I) — ej{UgH

n)-Zh(m)x(n—m]- Zh

y(n)=

Sinusoidal Response

—00 < N <

H(ﬂ)g)@jwﬂﬂ

ejm[.n

H .
— H(wgq)e/®0"

e; n—m)wg _ eJ{UgH Zh
m

—chDm

steady-state sinusoidal response

cos(won) . |H (wq) | cos(won + arg H (wq) )

sin(won) A |H (wy) | sin(won + arg H (wy))




Sinusoidal Response

cos(won) A, |H(wy) | cos(wohn + arg H (w))
steady-state

sin(won) M, |H(wo) | sin(woen + arg H (o))

A cos(myn)

ANNNNANNNNN
VAVAVAV:LVAVAVAVAY

lH(mﬂ)li e |H(w,)| cos(wyn+arg H(w,))

AN AN AN VAN AN AN A YA U
N2/ B /A (A N A A A N AR




Sinusoidal Response

transient response

A cos(myn)

M\ / A
A A AN AN AN ANANAY

\ f -5

VAVAVAV:LVAVAVAVAY

A cos(myn)u(n)

;/\-\ /\ /\ / /\\

/

\ I,f \ II;

'\/\/\/\/\/

double-sided vs. one-sided sinusoids




transient response

| 1 |
— JLU n —:-Z — JLU o

xX(n)y=e'*“"u(n) X (2) T — ROC |z| > |e/%o| =1

H(z)= N(z) _ N(z) pil <1

D(z) (1-piz7HYy(1-prz7t)---(1-puz=1)

stable and causal H(z) with distinct poles strictly inside the UC, and degN < M+1

N(z)

= = e N 0 - piz ) (4 —paz D (L pwz D)

¢ g5 B ., Su
—elwoz=l " 1 —pyz7t  1-poz! 1 —puz~!

Y(z)= 7

C=H(z)|,_mw = H(wo)




transient response

: _ : _ H(z)
= _ pJwo —1 o _ ,jwp -1
C=(1-¢e“z"HY(2)|,_iwo [(1 e/®Woz=1) R r— ]z:efwr:u

C=H(z)|,_mw, = H(wy)

H (wy) B, B> Bum
Y(z)= ,
(2) 1 —ejwoz—1 ' ] —p1z—1 " 1 —poz—! i i 1 —puz-1
y(n)=H(wy)e!" + Bipt + Bop¥ + - - - + Byp| n=>0
y(n)— H(wy)e!“" as n— o pil <1

steady-state response




transient response

y(n)=

H(wo)e!®" + Bipt + Boph + - - - + Byply| n=0

szla}{lﬁ?fl

p”eff = €

pole of largest radius, or,
closest to the UC from
inside

Ine In(1/€)

time constant in samples

Meff = 7—— =

Inp In(1/p)

€ =1%=0.01
€=0.1% =103

40-dB and 60-dB time constants

pil <1



Example For a causal and an anti-causal sinusoidal input, determine the

corresponding output of the following causal/stable system

h(n) =a"u(n), 0<a<l
1
H(z) = e ROC |z] > a

r1(n) = “"u(n) — H(z) — y1(n) =7

To(n) = ?"u(—n — 1) —{ H(2) — y2(n) =7

r(n) =x1(n) + x2(n) — H(2) — y(n) =7




Example

1
Xl(z) — 1 — ej"-‘-"ﬂz_l y ROC |Zi"| > 1
1
XZ(‘Z) — _1 _ pjwo p—1 7 ROC |3| <1

1
() = ‘ . ROC |z > 1
Yi(z) (1 —eiwoz=)(1 —az=1)" &

1
(2) = — ‘ . ROC a < |z] <1




Example

1

1(2) = . — ROC |z| > 1
Yi(z) (1 —edwoz=1)(1 —az=1)" |
1
() = — . . ROC a < |zl <1
Y2(2) (1 —eiwoz=1)(1 —az=t)" @<
1 H(w B
}fl(iﬁ’) = — r — - (_.”U)_ -+ - —
(1 —eiwoz=1)(1—az"t) 1—eiwoz=l 1 —qz"1
Vols) — 1 - H (wo) B B
2(2) = _(1 —eiwor=1)(1 —az=1t) 1 —ewoz=l 1—qz!
1 1

H(ng) — . b =

1] —ae—iwo~ ] — ejwoqg—1



Example

}fl(iﬂ’) =

ROC |z > 1
ROC a < |2| < 1

H(w B
_ B B
1 - E?J““DE 1 1 — (z 1
B H(wg) B B
- 1l—eiworl 1 —qaz!

y1(n)

ya(n)

H (wg) 74"
H(wy) " u(—n — 1) —

t((n) + Ba"u(n)

Ba" u(

n )

r1(n) + x2(n) =

y1(n) +y2(n) =

Jwon
(.

H (wo) "




Example
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Example
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Pole-Zero Placement

see the files
notch-digital.pdf
notch-analog.pdf




